SOME SEMIGROUPS ON AN #»-CELL

BY
ANNE LESTER HUDSON(')

The purpose of this paper is to prove a theorem which is a generalization
of a theorem proved by the author in [5]. The latter theorem is a special case
of the one presented here. The theorem to be proved is:

THEOREM. Let S be a semigroup which is topologically a closed n-cell, n=2.
Suppose for x and y in B, the bounding (n—1)-sphere of S, xy=x.

Then: (1) If S=K, the minimal ideal of S, then S consists entirely of left
geros, that is, xS=x for each x in S.

(2) If S#K, then K is a deformation retract of S and K consists entirely
of left zeros for S. Also there exists in S an I-semigroup T with the following
properties:

(i) S\K°=BT, where K° denotes the interior of K.

(if) If by and b, are in B and t, and t; belong to T and if bity= bty then
ti=ta.

(iii) For biand by in B, tiand t, in T, (bit) (bats) = br(tats).

For definitions and background material the reader is referred to [6; 11.]

The proof of the theorem is divided into a sequence of lemmas through-
out which the hypotheses of the theorem are assumed to hold. The case S=K
is easily disposed of in Lemmas 1, 2 and 3. The remainder of the lemmas is
devoted to the case S#K. In this case, the general idea is to prove that the
relation, =, on Q the Rees quotient of S by the ideal K, defined by a <b if
and only if @ =bc for some c in Q is a partial order on Q. Knowing this relation
is a partial order, it is possible to construct an I-semigroup J in Q so that
Q=m(B)J where 7 is the natural map from S onto Q. This I-semigroup J is
then “lifted” into S and it is shown that the I-semigroup T where 7(T)=J
satisfies the conclusion of the theorem.

LEMMA 1. Each element of B is a right identity for S. If s€S and n a positive
integer then there exists an element a €S such that a”=s.

Proof. The proof of this lemma depends on the following theorem [4]:
If a is a continuous function from S to S such that « is the identity on B, then
a maps S onto S. ' .

To prove the first part of the lemma, let b& B be a fixed element of B
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and define a: S—S by a(x) =xb,. Then for b in B, by hypothesis, a(b) =bbe
=b, hence by the above theorem, @ maps S onto S. Thus Sby=S and since
by is an idempotent it follows immediately that b, is a right identity for all of
S. Since by was arbitrary in B, the first part of the lemma follows.

For the remainder of the lemma let 7 be a fixed positive integer and define
a: S—S by a(x)=x" for x&S. Since B consists of idempotents « is the
identity on B and hence maps S onto S. This, however, implies that each
element of S has an #nth root in S which is the statement of the lemma.

LEMMA 2. For x in S there exists an idempotent e in S such that ex =x=xe.

Proof. Let p belong to S and let {.} be a sequence of elements in S de-
fined in the following way: po=2p, and (p,)%=p.—1. Such a sequence exists by
Lemma 1. Let Z({p.}) be defined as in [5] and let e be the idempotent in
Z({pa}). The author proves in [5] that e acts as a two-sided identity for all
of {p,.} and, in particular ep =p =pe which is as required by the lemma.

LeEMMA 3. If S=K, then xS=x for each x in S.

Proof. Since S is topologically a closed n-cell, each proper retract of S has
fixed-point property. By Wallace [9] therefore S is a group or K CE. Clearly
S is not a group, so S=K consists entirely of idempotents. Also by Wallace
[9], eSe=e for each e€E, thus for bEB, it follows that b=5bSb=5S. Now
for arbitrary x in S by Lemma 1, xb=x for b&E B, hence xS=(xb)S=x(bS)
=xb=x and the lemma is established.

In the remainder it will be assumed that S#= K.

LEMMA 4. S\K s connected.

Proof. Wallace proved in [8] that H?(S) ~H?(K) and since S is a closed
n-cell we have H?(K)=0 for all »>0. In particular H*~}(K) =0, hence K
does not cut R* [4] and since K is contained in the interior of S, K does not
cut S.

DEFINITION. For x and y in S with x & By define n(By, x), the index of
By relative to x, as defined by Mostert and Shields in [6]. That is:

When x € By, the mapping f: B—S\x defined by f(b) =by induces a homo-
morphism f*: H*1(S\x)—H*(B) where H*~'(4) denotes the (n—1)-Cech
cohomology group of 4 with integer coefficients. Since H*~!(B) is isomorphic
to the integers there exists a least positive integer k such that k generates
F*(H»'(S\x)). For such a pair x and y in S define 2(By, x) to be k.

LEMMA 5. If A is a connected space and a: A—S and 7: A—S are continuous
functions such that v(t') &€ Ba(t) for each t and t' in A, if 0(A) is compact or if T
is a constant, then n(Ba(t), 7(t)) =n(Ba(t'), 7(¢')) for t and t' in A.

Proof. Assume ¢(A4) is compact. Since 4 is connected it suffices to show
that for each ¢ in A there exists an open set U containing ¢ such that for x
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and y in U, n(Bo(x), 7(x)) =n(Bo(y), 7(¥)). To show the existence of such U,
let ¢, belong to A. By hypothesis 7(to) is not an element of Bo(A4) so there
exists an open #n-cell O; in S such that 7(t0)) €0, and O#MBo(4)=[]. Hence
Bo(A4) CS\O¢*. By hypothesis 7 is a continuous function so there exists an
open set U in 4 containing ¢ with 7(U) CO.. The claim is now made that
n(Ba(to), 7(ts)) =n(Ba(s), 7(s)) for each s in U. To establish the claim let s
belong to U and define maps A,, A, 7o, I and J in the following way:

N:B—>BX A by N(d) = (b, 5),

)“o: B—- B X A by Alo(b) = (b7 to))

my:BX A—S by mo(b, £) = bo(t),
and I and J are the injection maps from S\O to S\7(s) and S\7(¢s) respec-
tively. Then it is easily seen that the mappings
6,: B— S\7(s) defined by 6,(d) = bo(s)
and
0:,: B— S\7(to) defined by 6,,(b) = ba(to)
are given by
0, = Imy\, and 0, = Jmo\,,
where m; is mo with the range restricted to S\O¢*.
The following sequences now arise from these functions:
* %y, K

I s M1
B=1(S\r(s)) > H=1(S\OF) ~— H™1(B)

and the same sequence obtained by replacing s by ¢, and I'* by J*.

Since O, is an open n-cell for any y in O, the injection map from S\Of
into S\y induces an isomorphism from H*~1(S\y) onto H*(S\O}) [1]. Hence
I* and J* are isomorphisms onto. By S. T. Hu [3], \*=\,, so it follows that

— K., %
)\.*ml* = Ato my .

Looking at the above sequences it is easily seen that
0} (H1(S\r(s))) = 0F(H"*(S\r(%0))).
Since I* and J* are isomorphisms onto and
0F = Nm¥I*, 0. = NFmiTx
From this we obtain that
n(Ba(to), (o)) = n(Ba(s), 7(s))

and the first part of the proof of the lemma is complete. The remainder of
the proof follows similarly.



258 A. L. HUDSON [May

LEMMA 6. If x belongs to S\B, then n(Bb, x) =1 for each bEB.

Proof. Let b, belong to B and let x&S\B. Define 8 from B to S\x by
6(b) = bbo. By hypothesis on the multiplication in B, 6(b) =b for each b in B.
Let §: S\x—B be a continuous function from S\x onto B such that §(b) =b
for each b in B. If ¢ denotes the function from B onto B defined by ¢(b)
=80(b) then ¢ is the identity function so that

¢*: H"'(B) — H*'(B)
is an isomorphism. From this it follows that

6*: H1(S\x) — H*'(B)
is onto since

o* = 0%5*.
Thus by the definition of n(Bbo, x) we have n(Bb,, x) =1 and the lemma is
established.
LeEMMA 7. For b in B and x in S with b& Bx, n(Bx, b) =0.

Proof. Let 8: B—S\b be defined by 6(s) =sx. Since b & Bx it follows that
Bx CS\B. For if Bx\B were nonvoid, then for y&Bx/MB there would exist
.be&B such that y=box and in virtue of the multiplication in B, that b=by
= b(box) = (bbo)x = bx contrary to the assumption that b& Bx. Hence Bx is a
closed subset of S contained in S\B. Since B is the boundary of S relative to
R» there exists a subset Sp of .S with the following properties: Sy is closed, So
is topologically equivalent to S and Bx CSoCS\B. Now define functions %
and 4, by

t1: Bx— Sy and 4(y) =y for y € Bz,
is: So—>S\b and ix(y) =y for y € So.
Also define

6,: B— Bx by 6i(y) = yx for y € B.
Clearly 0 = 454,6; so that 8* =0*;*i*. Looking at the sequence defined by these
functions it follows that 8* is the zero homomorphism, for we have:
1:2* il* 01*
H™'(S\b) = H*\(So) — H*'(Bx) — H*'(B)
and H*1(S,) =0. From this it follows that n(Bx, b) =0.

LEMMA 8. For aES\K, a belongs to BS. Thus each element of S\K has a
two-sided identity belonging to B.

Proof. Suppose there exists an element ao in S\K such that a,&BS. Let



1961; SOME SEMIGROUPS ON AN n-CELL 259

k€K and fEB be fixed. Clearly BENS\K =[] and since S\K is connected
it follows from Lemma 5, taking 4 =S\K, 7=identity and ¢ =constant map
k, that n(Bk, x) =n(Bk, f) for each x&S\K. But ay belongs to S\K so that
n(Bk, f) =n(Bk, ap) =0 by Lemma 7.

Now using the assumption that ao & BS, it follows in a similar way from
Lemma 5, taking 4 =S, o =identity, and r=constant map a,, that #(Bf, a.)
=n(BEk, ao). Hence by Lemma 6, n(Bk, a,) = 1. This contradiction establishes
the fact that ¢o©BS. The remainder of the lemma follows quite easily since
each element of B is an idempotent and a right identity for all of S.

LEMMA 9. If aES\K, then Ba#a.

Proof. To prove this lemma let us assume that Ba =a for some element a
in S\K. The claim is now made that with this assumption B(S\K) = S. If this
were not the case then there would exist an element p in S with B(S\K)
CS\p. Since BCB(S\K) it follows that p € B hence it is possible to define a
function &: S\p—B such that & is continuous and &§(b) =b for each b in B.
Now for each x in S\K define a function 6,: B—B by 8.(b) = §(bx). For each
b in B, 6, is the identity and for @, §, is a constant. From this it can be con-
cluded that the identity function on B is null-homotopic, since S\K is con-
nected. This contradiction establishes the fact that B(S\K)=3S.

Since B(S\K) =S and K is nonempty, there exists an element g in B and
x in S\K such that gx€ K. By Lemma 8, taere exists an element b in B with
bx=x. Hence x=bx=(bg)x=0b(gx) EBK CK contrary to the fact that
xES\K. From this we obtain that Ba#a for each a in S\K.

LEMMA 10. For a in S\K, J.=Ba where J, denotes the set of elements in S
generating the same two-sided ideal as a.

Proof. Before proving this lemma let us note that the ideal generated by
an element x in S\K is SxS. If J(x) denotes the ideal generated by x then
J(x) =x\JxSUSx\JSxS=S5xS since x has a two-sided identity in S.

It follows from Lemma 1 that Ba CJ, for if b&B then J(ba)=S(ba)S
= (Sb)aS=SaS=J(a) so that ba & J,.

It remains only to show that J,C Ba. First let us note that BaNK =[]
since ¢ €K, as in the proof of Lemma 9. Hence K CS\Ba, and if P denotes
the component of S\Ba containing K it follows from Wallace [9] that
P*\P=Ba. For an element p in P\K, Bp\Ba =[] for if not then b;p =bsa
for elements b, and b, in B. By Lemma 8 there exists b in B such that bp=p,
hence p=>bp = (bb1)p=>b(brp) =b(b:a) = (bb:)a=ba contrary to the fact that
p & P. Hence Bp does not meet Ba and since BpM\P contains p, Bp is con-
nected and P is a component of S\Ba we have Bp CP. By assumption p ¢ K,
hence K CS\Bp, as in the proof of Lemma 9. Let Q be the component of
S\Bp containing K. Clearlv KCQCP and as before Q*\Q:= Bp CP. Let
I(p) =J(p)\Jp. Then I(p) must contain K, I(p) does not meet Bp and by



260 A. L. HUDSON [May

Wallace [9], I(p) is connected and I(p)*=J(p). The last statement follows
from the fact that BpCJ, and by Lemma 9, Bp#p so that J,#p. Since
I(p) is connected and contains K, I(p) CQ, hence J(p) =I(p)* CQ*=Q\UBp
CP. From this discussion we obtain that J(p) CP for each p& P\K, hence
J.NP=[]. But I(a)CP so that J(a)=I(a)* CP*=P\UBa, therefore
JoCBa and Lemma 10 is established.

DEFINITION. For a and b in S\K define a £b if and only if there exists an
element ¢ in S\K such that a=bc.

LeMMA 11. £ as defined above is a partial order on S\K.

Proof. (i) Since ¢ €S, a=af for fEB, so that a <a and = is reflexive.

(ii) If @ and b belong to S\K and ¢=<b, and b=a, then there exist
elements ¢ and d in S\K such that ¢ =bc and b=ad. Thus aS= (bc)S=0b(cS)
CbS=(ad)S=a(dS) CaS, or aS=>S. Hence SaS=SbS so that J,=J, and
by Lemma 10, Ba = Bb. Since a and b both belong to S\K there exist elements
e and f in B such that ea=a and fb=5b. Now a&Ba=Bb so that a=gb for
some g&B. From these equalities it follows that a =ea=¢e(gh) = (eg)b=c¢eb
=e(ad) = (ea)d=ad =b so that =< is antisymmetric.

(iii) Clearly = is transitive.

(i), (ii) and (iii) show that =< is a partial order on S\K.

NotaTiON. For the minimal ideal K in S, let Q denote the Rees Quotient
of S by K and let 7 denote the natural map from S to Q. By Rees [7], Q is
a compact connected semigroup with zero, 7(K), and = is continuous and a
homomorphism.

It should be noted at this point that 7 restricted to S\K is an iseomor-
phism. For this reason, in the discussion that follows S\K and w(S\K), the
former a subset of .S and the latter a subset of Q will be considered the same.
This identification will make the discussion simpler and somewhat shorter.

LeEMMA 12. There exists an I-semigroup J CQ such that Q=BJ.

Proof. Let f be a fixed element in B. Then fQ is a compact connected semi-
group with identity f and zero w(K). Define a partial order on fQ by a b if
and only if a=bc for some ¢&fQ. By Lemma 11, the fact that f is a right
identity for all of .S and the fact that #(K) is a zero for fQ, it is easily seen
that < is a closed partial order on fQ. Hence by Koch [2] there exists an I-
semigroup J CfQ with endpoints f and =(X).

The next step in the proof is to show that BJ={. If it were the case that
S=BJ\JK, where Jo=J\r(K), it would follow immediately that Q=(S)
=7(BJo)Unr(K)=BJ. Hence it suffices to show that S=BJ,\JK.

Let us assume, to the contrary, that there exists an element p in S with p
not in BJyWK. Since Jy is a half-open interval and J=J,\\Ur(K) is closed
there exists an element k¢ in K with JoCJo\JkyCJ¢, where J¢ denotes the
closure of Jo in S. Since J, is connected, Jo\Jk, is connected and by assump-
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tion p EB(Jo\Jko). Thus by Lemmas 5 and 7, n(Bp, ko) =n(Bp, f) =0. Now
pES\K and since S\K is connected and (B(S\K))NK =[], it follows that
n(Bp, ko) =n(Bf, ko) =1, again by Lemmas 5 and 6. This is a contradiction
so p must belong to B(Jo\Jky). With the preceding remarks the lemma is
established.

LEMMA 13. There exists an element ko in K\K° such that if T denotes J ¢,
then T=J\Jko and K\K°= Bk,.

Proof. From the definition of J, we see that w(J¢\Jo) =n(K), hence
JMN\JoCK. Now let k& J#\Jo. The claim is made that K\K°=Bk, To
prove this claim let k=gky for some g&B and assume k& U, an open set.
Since k=gk, and k& U, there must exist open sets Vo and V; containing g
and ko, respectively, such that V,ViCU. Now ky&Ji\Joand V is open con-
taining ko, hence there exists an element ¢ in J, with tE V1. Since tES\K,
it follows that gt also belongs to S\K so that UNS\K #[]. Since k was an
arbitrary element in Bk,, it follows that Bk, CK\K".

Conversely, let k€ K\Bk,. I{ it can be shown that REK?° then it will be
established that Bky=K\K° To prove k€ K", let P be the component of
S\Bk, containing k. As before, since Jo\Uk, is connected n(Bky, k) =n(Bf, k)
=1. If it were the case that B(CP, then it would be true that n(Bk,, k)
=n(Bko, f) =0 since P is connected and does not meet Bk,. This is a contra-
diction to the above statement that n(Bky, k) =1, hence B does not meet the
component P. Thus the boundary of P relative to R* is contained in Bk,
which is a subset of K. Now if P is not contained in K, then K is a closed
proper subset of P\UK containing the boundary of P\UK. Hence

*: HY(P U K) — HY(K)

is not onto where ¢* is induced by the injection map [4]
i:K—PUK.

By Wallace [8], however, H"(K) =~ H"!(S)=0, so that i* is onto. Thus
PUK =K, that is PCK. Since P is a component of an open set in S, P is
also open and therefore k& P C K°. This completes the proof of the statement
that Bko=K\K".

In order to complete the proof of this lemma it remains only to show that
T=J¢\Jk,. By definition of T we have T CfS since JoCfS and therefore
T=JFC(fS)*=fS. This shows that f is a two-sided identity for 7. In the
above argument it was shown that J¢\JoCK\K°= Bk, Now let kS T\J,,
then k=gk, for some g&B and fk=Ek, fko=Fko. Hence k=fk=f(gko) = (fg)ko
=fko="Fko so that T\Jo=Fko. Thus T'=J,\Uk, and the proof of the lemma is
complete.

LeMMA 14. T is an I-semigroup with zero ko and identity f. Also BT =S\K°.
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Proof. Clearly T is a semigroup and an arc with zero ko and identity f.
Also S\K®* = S\K\UK\K® = BJ,\U Bky = B(Jo\J ky) = BT. This concludes
Lemma 14.

LEMMA 15. For kB in K, kS=k.

Proof. First let us note that by Wallace [9], K CE and kSk=F for each
REK. If K°=[], then Bky=K so that koK = ko(Bko) CkoSko=ko. Thus koS
=k since koS CkoK. If K°#[] then Bk,, since it is the boundary of K rela-
tive to R*is an ((n—1), G)-rim for K, (see [10]). Hence by the dual of Wal-
lace’s theorem [10], if k(€K and (Bko)k =Bk, it follows that Kk=Fk. Since
ki=Fko, we have (Bko)ko=Bki=Bk, so that Kko=K. Hence koSCkoK
= ko(Kko) = ko.

In either case, K°=[] or K° nonempty it has been shown that k¢S =Fk,.
Now let k be an arbitrary element of K. Then kok =k so that kko=Fk(kok) =k
since kSk=Fk. Hence kK = (kko) K =k(koK) =kky=Fk and it follows that kS=£%
which concludes the proof of the lemma.

LEMMA 16. Let to and t, belong to T and let by and b, be elements of B. Then
(boto) (brty) =bo(totr) and if boto=>bits then to=1.

Proof. This lemma follows immediately from the fact that f is an identity
for T and fb=f for each b in B.

LemMA 17. K s a deformation retract of S.

Proof. Define §: SXT—S by 6(s, t)=st. T is a closed interval with end-
points f and ko, 0(s, f) =sf=s and 0(s, ko) =sko© K. Also for kEK, 0(k, k)
=kko=~Fk. Since 0 is continuous it follows that K is a deformation retract of S.

With Lemma 17 the proof of the theorem is now complete.

EXAMPLE. An example of a semigroup described by the theorem and hav-
ing a nontrivial kernel for #=2 can be constructed as follows.

Let K, be a closed two-cell and B, the bounding 1-sphere of K,. Define
multiplication in Ko by xy=x for all x and y in K,. Let T, be the closed unit
interval with real multiplication. Then if S=(Ko,X {0 NDU(BoXTo) and
products are defined in S by coordinate-wise multiplication, S is a semigroup
as described by the theorem, where B, of course, is BoX { 1 } .

Clearly S is topologically a closed two-cell and is a semigroup with a non-
trivial kernel K =KX {0}. If ko is a fixed element of Bo, then T={ko} X T
is an I-semigroup which has the property that S\K°=BT.

In this example, for a €S\K, the representation of a=>bt for b&B and
t& T is unique. In [5], the author gives an example of such a semigroup de-
scribed above but in it there exists an element in S\K for which this repre-
sentation is not unique.

For n=2, different examples may be constructed by varying the multi-
plication of the I-semigroup To. (See [6].)
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For any integer n>2, examples can be constructed in a similar way. That
is, let K¢ be a closed n-cell with B, the bounding (z —1)-sphere and follow the
same construction as above.
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